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Abstract
It is proved that the generating function defined by the numbers of isomorphism classes of absolutely
irreducible representations of a finitely generated group G into GLd(Fqn) for n 1 is a rational function.
It is also proved that the generating function defined by weighted sums over isomorphism classes of repre-
sentations of G into GLd(Fqn) for n  1 is meromorphic over both the complex numbers and the p-adic
complex numbers.
© 2008 Elsevier Inc. All rights reserved.
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0. Introduction
Let G be a finitely generated group, Fq the finite field of q elements of characteristic p,
and Fqn the finite extension field of Fq of degree n. In this paper we study zeta functions
Z(G,T ) = exp
( ∞∑
n=1
Nn
n
T n
)
,
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S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471 4457where the rational number Nn is the “mass” of the set of a certain class of representations ρ :G →
GLd(Fqn), respectively. By definition, Z(G,T ) is a formal power series with coefficients in Q.
We are interested in their rationality and meromorphy. If Nn is the number of all representations
ρ :G → GLd(Fqn) (for fixed G, d and q), then it is easy to prove the rationality of Z(G,T )
by reducing to the Weil conjecture (Theorem 1.1). The next and most natural case to consider
will be the case where Nn is the number of isomorphism classes of all representations of G
into GLd(Fqn), but this seems rather difficult. Instead, we first look at the absolutely irreducible
representations. Here, we say that a representation ρ :G → GLd(Fqn) is absolutely irreducible
if the composite homomorphism G ρ−→ GLd(Fqn) → GLd(Fq) is irreducible, where Fq is an
algebraic closure of Fq . Our first main result is the following:
Theorem 1. (Theorem 2.1). Let Nain be the number of isomorphism classes of absolutely irre-
ducible representations ρ :G → GLd(Fqn). Then the power series
Zai(G,T ) = exp
( ∞∑
n=1
Nain
n
T n
)
is a rational function in T .
This is proved in Section 2 by employing the theory of Procesi [P] concerning absolutely
irreducible representations of a (non-commutative) ring into Azumaya algebras.
Another main result is on the zeta functions defined by the weighted sums of isomorphism
classes of representations (Section 3). In this case we cannot expect in general that they are
rational (for examples, see Section 5). However, by considering them as functions in T on the
complex plane or the p-adic complex plane, we prove the following result.
Theorem 2. (Theorem 3.1, Corollary 3.4). Put
Nwtn :=
∑
ρ∈Hom(G,GLd (Fqn ))/∼
1
|Aut(ρ)| ,
where
Aut(ρ) = {M ∈ GLd(Fqn) ∣∣MρM−1 = ρ}.
Then the power series
Zwt(G,T ) = exp
( ∞∑
n=1
Nwtn
n
T n
)
is p-adically meromorphic on the p-adic complex plane Cp in the sense of Section 3.1. Also,
as a complex valued function, it converges in some neighborhood of T = 0, and is continued
meromorphically to the whole complex plane C.
4458 S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471In the p-adic case, this is proved by showing that Zwt(G,T ) is in fact an infinite product of
rational functions which are essentially the zeta function in Theorem 1.1. In the complex case,
we employ Behrend’s trace formula [Be] for algebraic stacks to show the meromorphy.
Dwork proved the rationality of the congruence zeta functions [Dw, Theorem 2] by using
a criterion for a formal power series to be a rational function when it is known to be meromorphic
both over C and Cp . It would be interesting to find a sufficient condition for G which implies
the rationality of Zwt(G,T ).
Besides the zeta function Zwt(G,T ) as above, we can also consider the Poincaré series
Pwt(G,T ) :=
∑
n1
Nwtn T
n
of the sequence (Nwtn )n1. Then we have
Theorem 3. The Poincaré series Pwt(G,T ) is a rational function in T if the rational numbers
Nwtn are in Z[1/f ] for some positive integer f  1.
(This was pointed out to us by the referee, to whom we are grateful.)
This follows from the fact that the Poincaré series
Phom(G,T ) :=
∑
n1
Nhomn T
n,
where Nhomn := |Hom(G,GLd(Fqn))| = |GLd(Fqn)|Nwtn , is rational (Theorem 1.1) and the
Hadamard quotient theorem ([vdP, Section 3] or see [dS, Proposition 3.1]).
In Section 4, we prove the rationality of the Poincaré series PIg(G,T ) (Proposition 4.1), which
is the generating function defined by the numbers N Ign of representations of G into the general
linear group with coefficients in Z/pnZ in place of the finite field Fqn .
Although we do not treat the case, there is one more type of zeta function of representations
of G. That is, in place of varying the degree n of the finite field Fqn , we vary the degree d
of the general linear group GLd(Fq). In this direction, Chigira, Takegahara and Yoshida stud-
ied in [CTY] the generating function 1 + (∑∞d=1|Hom(G,GLd(Fq))|T d/|GLd(Fq)|) of a finite
group G and obtained interesting results on it.
Now we explain the motivation of this paper. In [M1,MT1] and [MT2], the finiteness was in-
vestigated for the number of isomorphism classes of semisimple representations of the absolute
Galois group GK of an algebraic number field K into GLd(Fp). Also, in [H], the first author
studied the finiteness of mod p Galois representations of a local field. In [M2], an effective upper
bound was given for the number of isomorphism classes of monomial mod p Galois represen-
tations with given Artin conductor. Thus we hope next to know more precise behavior of such
numbers. However, it seems difficult to do that in general for profinite groups such as the absolute
Galois group GK . In this paper we attempt, as a first approximation, to do the same for a discrete
group instead of a profinite group.
Our zeta functions may be used to define some invariants of certain geometric objects such
as topological manifolds, knots (or links) and algebraic varieties over an algebraically closed
field of characteristic zero as follows. For these objects X, their fundamental groups π1 = π1(X)
(or π1(S3  X) if X is a knot or a link in the 3-sphere S3) are defined, which are either finitely
generated discrete groups or their profinite completions. Thus we may define a zeta function of X
S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471 4459to be Z(π1, T ) (or Z(G,T ) if π1 is the profinite completion of a discrete group G). We expect
that it encodes considerable amount of information on the topology/geometry of X. In the case of
knots, Sink [Si] has studied such zeta functions (but of representations into SL2(Fqn) instead of
GL2(Fqn); this seems more or less customary in topology, while representations into GLd(Fqn)
are more familiar in number theory). It should be easy to adapt our theory to the case of SLd . We
hope to study representations into other algebraic groups including SLd in a future work.
Notation
Throughout this paper, G is an arbitrary finitely generated group. Denote by Fq the finite field
of q elements, where q is a power of a prime number p. For a finite set S, its order is denoted
by |S| or S.
1. Rationality of Zhom(G,T )
Here we review the case where Nn = Nhomn is the number of representations ρ :G →
GLd(Fqn). Since G is finitely generated, there exists an affine scheme Xd(G) of finite type
over Z such that Hom(G,GLd(R))  Xd(G)(R) for any commutative ring R (cf. [P, §1]).
Then we can interpret Nhomn as the number of Fqn -rational points of Xd(G), and hence our
zeta function Zhom(G,T ) = exp(∑∞n=1 Nhomn T n/n) is nothing but the congruence zeta function
Z(Xd(G),T ) = exp(∑∞n=1 Xd(G)(Fqn)T n/n) of Xd(G). By the work [Dw] of Dwork, this is
known to be a rational function in T . Thus we have the following.
Theorem 1.1. Let Nhomn be the cardinality of Hom(G,GLd(Fqn)). Then the power series
Zhom(G,T ) = exp
( ∞∑
n=1
Nhomn
n
T n
)
is a rational function in T .
2. Rationality of Zai(G,T )
In this section we prove Theorem 2.1. Before that, we recall some notions in algebra. Let A
be a commutative ring. We say that an A-algebra S is an Azumaya algebra of degree d if the
following conditions are satisfied:
(1) S is a finitely generated projective A-module of rank d2,
(2) the natural homomorphism S ⊗A S◦ → EndA(S) given by s ⊗ s′ → (t → sts′−1), is an
isomorphism,
where S◦ is the opposite ring of S. For example, the total matrix algebra Md(A) is an Azumaya
algebra of degree d over A. If A is a field, an Azumaya algebra over A is just a central simple
algebra over A.
Let R be a (non-commutative) ring. Let S be an Azumaya algebra of degree d over A. A ring
homomorphism ρ :R → S is called absolutely irreducible of degree d over A, if S is generated by
Im(ρ) as an A-module. Two absolutely irreducible representations ρ1 :R → S1 and ρ2 :R → S2
over A are equivalent if there exists an A-algebra isomorphism f :S1 → S2 such that ρ2 = f ◦ρ1.
4460 S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471Theorem 2.1. Let Nain be the number of isomorphism classes of absolutely irreducible represen-
tations ρ :G → GLd(Fqn). Then the power series
Zai(G,T ) = exp
( ∞∑
n=1
Nain
n
T n
)
is a rational function in T .
Proof. Put R = Fq [G]. Let
AIrd(G) : (Com. Rings) −→ (Sets)
B −→ AIrd(G)(B)
be the covariant functor from the category of commutative rings into the category of sets, which
maps a commutative ring B to the set of isomorphism classes of absolutely irreducible repre-
sentations of R into Azumaya algebras of degree d over B . By the theory of Procesi [P], there
exists a scheme Ud(G) of finite type over Z which represents AIrd(G). Thus, for any commuta-
tive ring B , we have AIrd(G)(B) = Ud(G)(B), where Ud(G)(B) is the set of B-rational points
of Ud(G). Now we take Fqn as B . Since the Brauer group Br(Fqn) = 0 (cf. [W, Chapter 1, Theo-
rem 1]), every Azumaya algebra of degree d over Fqn is isomorphic to Md(Fqn) as Fqn -algebras.
A representation ρ :G → GLd(Fqn) of G induces a representation Fq [ρ] :Fq [G] → Md(Fqn)
of the group ring Fq [G]. It is known that ρ is absolutely irreducible in the sense of Section 0
if and only if Fq [ρ] is absolutely irreducible in the above sense (cf. [Bo, §13, Proposition 5]).
By the theorem of Skolem–Noether (cf. [Bo, §10, Corollaire]), every Fqn -algebra automorphism
on Md(Fqn) is an inner automorphism. Thus there is a canonical bijection between the set of
equivalence classes of absolutely irreducible representations of Fq [G] into Md(Fqn) and the set
of equivalence classes of absolutely irreducible representations of G into GLd(Fqn). Hence we
have
AIrd(G)(Fqn) =
{
isomorphism classes of absolutely
irreducible representations ρ :G → GLd(Fqn)
}
.
Thus the zeta function Zai(G,T ) is equal to the congruence zeta function Z(Ud(G),T )
of Ud(G). Hence Zai(G,T ) is a rational function in T . 
3. Meromorphy of Zwt(G,T )
Let Rep(G,GLd(Fqn)) be the set of isomorphism classes of representations ρ :G →
GLd(Fqn). We define
Nwtn :=
∑
ρ∈Rep(G,GLd (Fqn ))
1
|Aut(ρ)| ,
where
Aut(ρ) = {M ∈ GLd(Fqn) ∣∣MρM−1 = ρ}.
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Zwt(G,T ) = exp
( ∞∑
n=1
Nwtn
n
T n
)
.
3.1. Meromorphy of Zwt(G,T ) over Cp
Let Cp be the completion of an algebraic closure of the p-adic number field Qp and ν the
valuation of Cp normalized by ν(p) = 1. We say that a power series f (T ) in CpT  is entire
if f (T ) converges on Cp . Note that f (T ) =∑∞n=0 anT n is entire if and only if ν(an)/n → ∞ as
n → ∞. We say that a power series f (T ) in CpT  is p-adically meromorphic on Cp if f (T )
is written in CpT  as a quotient g(T )/h(T ) of entire power series g(T ), h(T ). Now we prove
the following result.
Theorem 3.1. The power series Zwt(G,T ) is p-adically meromorphic on Cp .
Proof. Let O(ρ) be the orbit of ρ by the conjugate action of GLd(Fqn). Since |GLd(Fqn)| =
|O(ρ)| × |Aut(ρ)|, we have
Nwtn =
∑
ρ∈Rep(G,GLd (Fqn ))
|O(ρ)|
|GLd(Fqn)|
= 1|GLd(Fqn)|
∑
ρ∈Hom(G,GLd (Fqn ))
1
= 1|GLd(Fqn)|N
hom
n ,
where Nhomn = Hom(G,GLd(Fqn)). Since
∣∣GLd(Fqn)∣∣= (−1)dq d(d−1)2 n(1 − qn)(1 − q2n) · · · (1 − qdn),
we have
∣∣GLd(Fqn)∣∣−1 = (−1)dq− d(d−1)2 n ∑
i10
· · ·
∑
id0
qn(i1+···+did )
in Cp . Hence Zwt(G,T ) is written as follows in CpT :
Zwt(G,T ) = exp
( ∞∑
n=1
Nwtn
n
T n
)
=
∏
· · ·
∏
exp
( ∞∑ (−1)dNhomn
n
(
q
−d(d−1)
2 +
∑d
j=1 jij T
)n)
.i10 id0 n=1
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exp(
∑∞
n=1(−1)dNhomn T n/n) = Zhom(G,T )(−1)d which is a rational function in T by Theo-
rem 1.1. 
Lemma 3.2. Let f (T ) = 1 + a1T + · · · be a power series in CpT . Let (qi)i0 be a sequence
in Cp such that qi → 0. Denote by Ff (T ) the formal power series
Ff (T ) =
∞∏
i=0
f (qiT ).
If f (T ) is entire (respectively p-adically meromorphic on Cp), then Ff (T ) is also entire (re-
spectively p-adically meromorphic on Cp).
Proof. It is sufficient to consider the case where f (T ) is entire. We may assume that ν(an) 0
for all n  1 since Ffa (T ) = Ff (aT ) for any a ∈ Cp , where fa(T ) = f (aT ). We may also
assume that ν(qi) 0 for all i  0 since qi → 0. Write
Ff (T ) = 1 +A1T +A2T 2 + · · · ,
where
An =
∑
j1+···+jr=n, j1,...,jr1,0i1<···<ir
aj1 · · ·ajr qj1i1 · · ·q
jr
ir
.
Since f (T ) is entire and qi → 0, for any M > 0 there exists a positive integer N such that
ν(ai) > iM and ν(qi) >M for each i N .
Now we prove ν(An)/n → ∞ as n → ∞. For that, we calculate lower bounds for the valua-
tions of all terms aj1 · · ·ajr qj1i1 · · ·q
jr
ir
in the above expression of An for n >N2 by distinguishing
the following two cases with respect to the length r .
(1) 1 r N case.
Let S be the set of indices 1  k  r such that jk > N . Since j1 + · · · + jr = n > N2, the
set S is non-empty and we have
∑
k∈S
jk = n−
∑
k /∈S
jk  n−N2.
By the assumption that ν(ai) > iM if i N , we have
ν
(
aj1 · · ·ajr qj1i1 · · ·q
jr
ir
)
 ν
(∑
k∈S
ajk
)
>
(∑
k∈S
jk
)
M 
(
n−N2)M.
(2) N < r  n case.
Since 0 i1 < · · · < ir , for any k > N we have ik N and hence ν(qik ) >M . So we have
ν
(
q
j1 · · ·qjr )> (n− (j1 + · · · + jN))M.i1 ir
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jkM . Hence
ν
(
aj1 · · ·ajr qj1i1 · · ·q
jr
ir
)
> ν(aj1 · · ·ajN )+
(
n− (j1 + · · · + jN)
)
M
> ν
(∑
k∈T
ajk
)
+
(
n−
∑
k∈T
jk
)
M
≥
(
n−
∑
k∈T
jk
)
M 
(
n−N2)M.
Thus we have
ν(An)
(
n−N2)M
for any n >N2. Hence we have ν(An)/n → ∞ when n → ∞. We have finished the proof of the
lemma. 
3.2. Meromorphy of Zwt(G,T ) over C
Next we consider the power series Zwt(G,T ) as a complex valued function. To prove the
meromorphy of Zwt(G,T ) over C we consider the quotient stack [X/GLd ] and use Behrend’s
theorem on the Lefschetz trace formula for algebraic stacks. For references on algebraic stacks,
see for instance [Go], the Appendix of [Vis] and [LMB]. Note that we view a stack as a category,
rather than a 2-functor.
For the moment let F be an arbitrary field and G an affine smooth group scheme over F.
Let X be a scheme of finite type over F with a group action X ×F G → X over F. We denote
by (Sch/F) the category of schemes over F and choose the étale topology on (Sch/F). We write
the same symbol S for the algebraic stack over F corresponding to an F-scheme S → SpecF.
Let p[X/G] : [X/G] → (Sch/F) be the quotient stack defined by this group action (cf. [Go, Ex-
ample 2.18]). Thus, [X/G] is a category whose objects are pairs (π,f ) of a principal G-bundle
π :E → S, where S is a scheme over F, and a G-equivariant morphism f :E → X. A morphism
from (π ′ :E′ → S′, f ′ :E′ → X) to (π :E → S,f :E → X) is a pair (ϕ :E′ → E,ψ :S′ → S)
of morphisms such that the diagram
E′
ϕ
π ′
E
π
S′
ψ
S
is cartesian and f ′ = f ◦ ϕ. The structure functor p[X/G] maps (π :E → S,f :E → X) to S.
Since G is smooth over F, the quotient stack [X/G] is algebraic in the sense of [LMB] (cf. [Go,
Example 2.29]), that is,
4464 S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471(1) the diagonal morphism [X/G] → [X/G] ×F [X/G] is representable, separated and quasi-
compact;
(2) there exist a scheme U over F and a smooth surjective morphism U → [X/G].
A morphism U → [X/G] as in (2) is called an atlas of [X/G]. (A morphism f :X→ Y of
F-stacks is a functor such that pX = pY ◦f , where pX (respectively pY) is the structure functor
of X (respectively Y). For the definitions of properties (such as representability, separatedness,
etc.) of morphisms of stacks, see [Go, Section 2.2]).
Let X → [X/G] be the morphism of F-stacks corresponding to the pair (X×F G → X,X×F
G → X) by the Yoneda lemma (cf. [Go, Example 2.29]), where the first is the trivial G-bundle
over X and the second is the morphism of the group action. It is known that this is an atlas
of [X/G] (cf. [LMB, Exemples (4.6)]).
Let P be a property of morphisms of schemes which is local on source and target (cf. [K,
Chapter 1 §1, Chapter 2 §3]) for the étale topology (for instance, P = flat, locally of finite type,
smooth, etc.). We say that a morphism f :X→Y of algebraic F-stacks has property P if there
exist an atlas Y ′ →Y ofY and an atlas X′ → Y ′ ×YX of Y ′ ×YX such that the composition of
morphisms of stacks X′ → Y ′ ×Y X→ Y ′ in the diagram below has property P (as a morphism
of schemes). (For more details, see [Go, Section 2.5].)
X′ Y ′ ×Y X X
Y ′ Y
By definition, if the scheme X over F has the property P , then the quotient stack [X/G] over F
has the property P .
In what follows, we take a finite field Fq as F, and assume G is a connected linear algebraic
group over Fq . Let X→ (Sch/Fq) be an algebraic stack of finite type over Fq and let X(Fqn)
be the subcategory of X whose objects and arrows are above SpecFqn . In particular X(Fqn) is a
groupoid, i.e., all morphisms in X(Fqn) are isomorphisms. For the groupoid X(Fqn), define its
mass X(Fqn) as follows [Be, Definition 3.2.1]:
X(Fqn) :=
∑
ξ∈X(Fqn )/∼
1
|Aut ξ | ,
where Aut ξ is the automorphism group of ξ in the groupoid X(Fqn) and X(Fqn)/∼ is the set of
isomorphism classes of objects of X(Fqn). Note that Aut ξ and X(Fqn)/∼ are finite sets (hence
X(Fqn) is finite) since X is of finite type over Fq (cf. [Be, Lemma 3.2.2]). If X= [X/G], then
we have
X(Fqn) =
∑
x∈X(Fqn )/∼
1
|Stab(x)| ,
where Stab(x) is the stabilizer of x by the group action X(Fqn) × G(Fqn) → X(Fqn). This
follows from the categorical equivalence between X(Fqn) and the category in which the objects
are the elements of X(Fqn) and the morphisms from x to y are the elements of G(Fqn) which
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n = 1 (this is stated only when X is smooth over Fq , but the same proof applies to arbitrary
schemes of finite type over Fq ) and of the natural categorical equivalence X(Fqn)  [X ⊗Fq
Fqn/G ⊗Fq Fqn ](Fqn) in which (E → SpecFqn,E → X) corresponds to (E → SpecFqn ,E →
X ⊗Fq Fqn).
We define the zeta function Z(X, T ) of X= [X/G] by
Z(X, T ) = exp
( ∞∑
n=1
X(Fqn)
n
T n
)
.
We know by [Be, Theorem 3.2.4] that if X = [X/G] is smooth over Fq , then the zeta function
Z(X, T ) converges absolutely in some neighborhood of T = 0 and is continued meromorphically
to the whole complex plane C.
Now we prove the following result.
Theorem 3.3. Let G be a connected linear algebraic group over Fq . Let X be a scheme of finite
type over Fq with a group action X ×Fq G → X over Fq . Let X be the quotient stack [X/G]
over Fq . Then the power series Z(X, T ) converges absolutely in a neighborhood of T = 0, and
it is continued meromorphically to the whole complex plane C.
Proof. First note that we may assume X is reduced, since we consider only Fqn -rational
points. Let Xsm be the smooth locus of X (which is open and dense by [Gro, Corollaire 6.8.7,
Proposition 17.15.12]) and Xnsm the closed subset X  Xsm endowed with the reduced in-
duced subscheme structure. Since G acts on Xsm and Xnsm respectively, we have X(Fqn) =
Xsm(Fqn) unionsq Xnsm(Fqn) with G(Fqn)-action on Xsm(Fqn) and Xnsm(Fqn). Hence we have
X(Fqn) = [Xsm/G](Fqn)+ [Xnsm/G](Fqn).
Put X0 := X and X1 := Xnsm. We have dimX1 < dimX since Xsm is a dense open subset
of X. We can repeat this argument to obtain a sequence
X0 ⊃ X1 ⊃ · · · ⊃ Xr
of closed subschemes of X with dimX0 > dimX1 > · · · > dimXr = 0. Note in particular that Xr
is étale over Fq . Thus
X(Fqn) = X0(Fqn)+ X1(Fqn)+ · · · + Xr (Fqn),
where Xi is the quotient stack [Xi,sm/G]. Then we have
Z(X, T ) = Z(X0, T ) · · ·Z(Xr , T ).
Since each factor Z(Xi , T ) is meromorphic over C, this proves Theorem 3.3. 
Now we go back to our situation; thus G = GLd and X is the affine scheme Xd(G)⊗Z Fq (cf.
Section 1). In this case the mass X(Fqn) for the corresponding algebraic stack X= [X/GLd ] is
equal to Nwtn defined at the beginning of this section. Hence Z(X, T ) is equal to Zwt(G,T ). As
a corollary of Theorem 3.3, we have the following.
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4. Rationality of PIg(G,T )
Here we consider representations of G into GLd(Z/pnZ). Put N Ign := Hom(G,GLd(Z/
pnZ)). Define the power series PIg(G,T ) by
PIg(G,T ) :=
∞∑
n=0
N
Ig
n T
n.
For this type of power series we have the following result.
Proposition 4.1. The power series PIg(G,T ) is a rational function.
Proof. Let Xd(G) = Spec(Ad(G)) be the affine scheme associated with G as in the proof of
Theorem 1.1; thus the commutative ring Ad(G) has the property that Hom(G,GLd(Z/pnZ)) 
Hom(Ad(G),Z/pnZ) for all n  1. Since Ad(G) is finitely generated, it is presented as
Ad(G)  Z[x1, . . . , xm]/(f1, . . . , fr ), where f1, . . . , fr ∈ Z[x1, . . . , xm] are non-constant poly-
nomials. Then we have N Ign = {a ∈ (Z/pnZ)m | fi(a) ≡ 0 mod pn}. Thus the power series
PIg(G,T ) is nothing but the Poincaré series associated with the Igusa zeta function defined by
(f1, . . . , fr), and is known to be rational by Igusa [I] in the r = 1 case and Meuser [Me] in the
general case (the general case also follows from the r = 1 case easily, as pointed out by Barsky
in his MathSciNet Review of [Me]). 
The generating function defined by the numbers of isomorphism classes of representations
of G into GLd(Z/pnZ) may also have good properties such as rationality, though we have no
results at present.
5. Examples
Here we calculate the zeta functions Zhom(G,T ) and Zwt(G,T ) explicitly for some groups.
Example 5.1. Let G = Fr be the free group of rank r . Then we have Nhomn = |GLd(Fqn)|r .
Since |GLd(Fqn)| = qnd(d−1)/2(qn − 1) · · · (qdn − 1) and exp(∑∞n=1(qkT )n/n) = 1/(1 − qkT ),
we have
Zhom(Fr , T ) =
∏
0j1,...,jdr
(
1 − qrd2−(j1+···+djd )T )(−1)j1+···+jd+1( rj1 ) · · · ( rjd ),
where
( r
j
)
is the binomial coefficient.
Since Nwtn = |GLd(Fqn)|−1Nhomn (see Section 3.1), we also have
Zwt(Fr , T )
= exp
( ∞∑ |GLd(Fqn)|r
n|GLd(Fqn)|T
n
)
n=1
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⎧⎨
⎩
∏
j1,...,jd0(1 − q−(d(d−1)/2)+j1+···+djd T )(−1)
d+1
, if r = 0,∏
0j1,...,jdr−1(1 − q(r−1)d
2−(j1+···+djd )T )(−1)
j1+···+jd+1
( r−1
j1
) · · · ( r−1
jd
)
, if r  1.
This shows that Zwt(Fr , T ) is a rational function when r  1, whereas Zwt(1, T ) is not a
rational function.
Example 5.2. Let G = Cpa be the cyclic group of order pa > 1. In general the number of rep-
resentations of a finite cyclic group C into GLd(Fq) is expressed in terms of the isomorphism
classes of irreducible representations of C/P over Fq , where P is the Sylow p-subgroup of C.
For the explicit formula, see for instance the proof of [CTY, Theorem 2.3]. In the present case,
since the quotient group Cpa/P is trivial, there is exactly one isomorphism class over Fq . Then
we have
∣∣Hom(Cpa ,GLd(Fq))∣∣= ∑
λ∈D|Cpa |(d)
|GLd(Fq)|
qd+2λ
∏pa
j=1 ϕmj (λ)(q−1)
.
Here, D|Cpa |(d) is defined by
D|Cpa |(d) :=
{
λ = (λ1, λ2, . . .)
∣∣∣ λ1  λ2  · · · 1, ∑
i1
λi = d, λ1  pa
}
and we set
λ :=
∑
i1
(i − 1)λi, mj (λ) := {i | λi = j},
ϕm(T ) := (1 − T )
(
1 − T 2) · · · (1 − T m).
Here we calculate Zhom(Cpa , T ) and Zwt(Cpa , T ) for d = 2. We have |Hom(Cpa ,GL2(Fq))| =
q2. Hence we have
Zhom(Cpa , T ) = 11 − q2T ,
Zwt(Cpa , T ) =
∏
i,j0
(
1 − q1+i+2j T )−1 in CpT .
In particular Zwt(Cpa , T ) is not rational in T .
Example 5.3. Let A be a finite abelian group of order r . Suppose that the exponent of A divides
q − 1. Then we have
∣∣Hom(A,GLd(Fq))∣∣= ∑ q(d2−(d21+···+d2r ))/2
[
d
d1, . . . , dr
]
qd1+···+dr=d,di0
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[
d
d1, . . . , dr
]
q
:= (q
d − 1) · · · (q − 1)∏r
i=1((qdi − 1) · · · (q − 1))
is the q-multinomial coefficient. (Here, if d = 0 we define (qd −1) · · · (q −1) := 1.) In particular
we have
∣∣Hom(A,GLd(Fq))∣∣/∣∣GLd(Fq)∣∣= ∑
d1+···+dr=d,di0
q(d−(d21+···+d2r ))/2∏r
i=1((qdi − 1) · · · (q − 1))
.
Thus
Zwt(A,T ) =
∏
d1+···+dr=d,di0
∏
1ir
∏
k1,...,kdi0
(
1 − q((d−(d21+···+d2r ))/2)+k1+···+dikdi T )(−1)d+1
in CpT .
Hence Zwt(A,T ) is not a rational function in this case.
Example 5.4. Let G = Zr be the free abelian group of rank r . By [Yo, Lemmas 2.4, 2.6], for any
finite group H we have
∣∣Hom(Zr ,H )∣∣=∑
x
(
H : CH(x)
)∣∣Hom(Zr−1,CH (x))∣∣,
where x runs through the set of representatives of the conjugacy classes of H and CH(x) is the
centralizer of x in H . In particular, for r = 2 we have∣∣Hom(Z2,H )∣∣= |H |c(H),
where c(H) is the number of conjugacy classes of H . Hence we have Nwtn = c(GLd(Fqn)). In
general, it is known that the number c(GLd(Fq)) is a polynomial in q with integer coefficients
(cf. [Mac1, §1]). Hence the generating function Zwt(Z2, T ) is a rational function in T . Here we
calculate Zwt(Z2, T ) for d = 1,2,3,4,5. By using the following formula (cf. [Mac1, p. 28])
1 +
∞∑
d=1
c
(
GLd(Fq)
)
T d =
∞∑
r=0
qr
∞∑
s=0
(−1)sT (s+1)(r+(s/2))
s∏
j=1
1
1 − T j
=
∞∑
r=0
(
qrT r − q
rT 2r+1
1 − T +
qrT 3r+3
(1 − T )(1 − T 2) − · · ·
)
,
the numbers c(GLd(Fq)) (d = 1,2,3,4,5) are computed as follows:
c
(
GL1(Fq)
)= q − 1, c(GL2(Fq))= q2 − 1, c(GL3(Fq))= q3 − q,
c
(
GL4(Fq)
)= q4 − q, c(GL5(Fq))= q5 − q2 − q + 1.
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Zwt
(
Z2, T
)=
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
1−T
1−qT if d = 1,
1−T
1−q2T if d = 2,
1−qT
1−q3T if d = 3,
1−qT
1−q4T if d = 4,
(1−q2T )(1−qT )
(1−q5T )(1−T ) if d = 5.
Example 5.5. Let G = Πg be the topological fundamental group of a compact Riemann surface
of genus g; thus
Πg =
〈
x1, . . . , xg, y1, . . . , yg
∣∣ [x1, y1] · · · [xg, yg] = 1〉.
Then it is known that
∣∣Hom(Πg,GLd(Fq))∣∣= ∣∣GLd(Fq)∣∣2g−1∑
χ
χ(1)2−2g,
where χ ranges all the complex irreducible characters of GLd(Fq). For the proof of this fact, see
for instance [J, Section 2]. See also (1.4.1) and (1.5.1) of [Ya] for more general cases. The irre-
ducible characters of GLd(Fq) are completely classified ([Gre] or see [Mac2, Chapter IV, §6]).
In particular, the degrees of irreducible characters χ of GLd(Fq) and |GLd(Fq)|/χ(1) are poly-
nomials in q with integer coefficients (cf. [Mac2, Chapter IV, §6, (6.7)]). Hence Zwt(Πg,T ) is
a rational function in T for arbitrary degree d and genus g.
Here we calculate Zwt(Πg,T ) in d = 2 case for some genus g. The irreducible complex
characters of GL2(Fq) and their degrees are listed in [FH, §5.2] (cf. [St] for GL3 and GL4 cases).
Then we have
∣∣Hom(Πg,GL2(Fq))∣∣= (q(q − 1)2(q + 1))2g−1(q − 1)
×
(
1 + 1
q2g−2
+ q − 2
2(q + 1)2g−2 +
q
2(q − 1)2g−2
)
.
Thus the generating function Zwt(Πg,T ) for g = 1,2,3 are as follows:
Zwt(Π1, T ) = 1 − T1 − q2T ,
Zwt(Π2, T ) = (1 − q
8T )2(1 − q7T )2(1 − q5T )18(1 − q3T )8(1 − q2T )(1 − T )
(1 − q9T )(1 − q6T )11(1 − q4T )17(1 − qT )3 ,
Zwt(Π3, T ) = (1 − q
16T )5(1 − q13T )34(1 − q11T )34(1 − q9T )230(1 − q7T )74
(1 − q17T )(1 − q15T )6(1 − q14T )11(1 − q12T )29(1 − q10T )124
× (1 − q
6T )(1 − q5T )14(1 − q3T )10(1 − q2T )6(1 − T )
(1 − q8T )204(1 − q4T )29(1 − qT )5 .
4470 S. Harada, H. Moon / Journal of Algebra 319 (2008) 4456–4471Remark 5.6. If [Xd(G)⊗Z Fq/GLd ] is a Deligne–Mumford stack,1 then Zwt(G,T ) is a rational
function by [Be, Theorem 3.2.5]. It would be an interesting problem to give a criterion for the
quotient stack [Xd(G)⊗Z Fq/GLd ] to be Deligne–Mumford in terms of Zwt(G,T ).
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